Quantum meets classical phase transition: Low-temperature anomaly in
  disordered superconductors near $B_{c2}$ by Sacépé, B. et al.
Quantum meets classical phase transition: Low-temperature anomaly in disordered
superconductors near Bc2
Benjamin Sace´pe´,1 Johanna Seidemann,1 Fre´de´ric Gay,1 Kevin Davenport,2
Andrey Rogachev,2 Maoz Ovadia,3 Karen Michaeli,3 and Mikhail V. Feigel’man4, 5
1Univ. Grenoble Alpes, CNRS, Grenoble INP, Institut Ne´el, 38000 Grenoble, France
2Department of Physics and Astronomy, University of Utah, Salt Lake City, Utah 84112, USA
3Department of Condensed Matter Physics, The Weizmann Institute of Science, Rehovot 76100, Israel.
4L. D. Landau Institute for Theoretical Physics, Chernogolovka, 142432, Moscow region, Russia
5Skolkovo Institute of Science and Technology, Moscow 143026, Russia
Strongly disordered superconductors in a magnetic field display many characteristic
properties of type-II superconductivity— except at low temperatures where an anoma-
lous linear T -dependence of the resistive critical field Bc2 is routinely observed. This
behavior violates the conventional theory of superconductivity, and its origin remains
a long-standing puzzle. Here we report on systematic measurements of the critical
magnetic field and current on amorphous indium oxide films of various levels of disor-
der. Surprisingly, our measurements show that the Bc2 anomaly near zero-temperature
is accompanied by a clear mean-field like scaling behavior of the critical current. We
demonstrate theoretically that these are consequences of the vortex-glass ground state
and its thermal fluctuations. This theory further predicts the linear-T anomaly to occur
in films as well as bulk superconductors with a slope that depends on the normal-state
sheet resistance—in agreement with experimental data. Thus, our combined experi-
mental and theoretical study reveals universal low-temperature behavior of Bc2 in a
large class of disordered superconductors.
The magnetic-field tuned transition of disordered su-
perconductors continues to surprise as well as to pose
intriguing and challenging puzzles. A wealth of experi-
mental results obtained over decades of study still defies
current theoretical understanding. The anomalous tem-
perature dependence of the resistive critical field Bc2(T )
near the quantum critical point between superconductor
and normal metal is a well known example. Within the
conventional Bardeen-Cooper-Schrieffer theory, Bc2(T ) is
expected to saturate at low temperatures2,12. In con-
trast, a strong upturn of Bc2 with a linear -T dependence
as T → 0 has been observed in numerous disordered su-
perconductors. These systems range from alloys and ox-
ides, both in thin films3–9 and bulk10, to boron-doped
diamond11 as well as gallium monolayers12.
Substantial theoretical efforts13–17 have been unable to
fully resolve the origin of this anomalous behavior. The
main challenge lies in the complexity of these systems
and the subtle interplay between strong fluctuations, dis-
order and vortex physics. The prevailing explanation for
the low-T anomaly of Bc2(T ) is based on mesoscopic fluc-
tuations13,14, which result in a spatially inhomogeneous
superconducting order parameter. A recent alternative
interpretation invokes a quantum Griffiths singularity to
account for the upturn in Bc2(T ) observed in ultra-thin
gallium films12. While these theoretical approaches are
generally plausible, they predict an exponential increase
of Bc2(T ) at very low T , which manifestly does not cap-
ture the specific linear dependence measured in disor-
dered superconductors3–12.
To gain new insights on the underlying physical mech-
anism it is desirable to not only study Bc2(T ), but to also
extract information on additional characteristic quanti-
ties such as the superfluid stiffness. We therefore con-
ducted systematic measurements of both Bc2 and the
critical current jc in films of amorphous indium oxide
(a:InO), a prototypical disordered superconductor. In the
absence of magnetic field or when vortices are strongly
pinned by disorder (i.e., form a vortex glass) the su-
perfluid stiffness can be directly related to the critical
current. This is expected to apply to all materials that
exhibit the low-temperature Bc2 anomaly
3–12. Conse-
quently, measurements of jc(B) near zero temperature
provide access to the critical behavior of the superfluid
density ρs(B) near Bc2(0), where the low-T anomaly de-
velops.
The key experimental finding of this work is that the
(well-established) linear T -dependence of Bc2(T ) at low
temperatures is accompanied by a power-law dependence
of the critical current on B. The critical exponent of
jc(B) ∼ |B −Bc2|υ is found to be υ ' 1.6. As explained
below, this is consistent with the mean field value υ = 3/2
(but not with the mesoscopic fluctuation scenario13,14
which predicts an exponential dependence14). Our un-
expected finding has direct implication for the critical
behavior of ρs(B), and demands a revised theory of disor-
dered superconductors in the presence of magnetic field.
We therefore complement our experimental work with a
comprehensive theoretical study, which identifies the key
to understanding the linear T -dependence of Bc2 in the
vortex glass. When vortices are strongly pinned by impu-
rities, their presence only weakly affects the T = 0 limit
of superfluid stiffness and critical current. As a result,
both exhibit mean-field-like dependence on the magnetic
field. In contrast, the temperature variation of the su-
perfluid stiffness is strongly affected by thermal fluctua-
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2tions of the vortex glass. This gives rise to the observed
linear T -dependence of Bc2(T ) near the quantum criti-
cal point. Moreover, we predict a strong dependence of
the slope dBc2(T )/dT |T→0 on the sheet resistance, and
consequently on the film thickness, which we confirm ex-
perimentally.
Low-T anomaly near Bc2(0)
In this study we focus on a series of a:InO samples,
which exhibit a critical temperature between Tc = 3
K and 3.5 K and a sheet resistance before transition
between 2 kΩ and 1.2 kΩ (see Table S1 in SI). Those
samples are far from the disorder-tuned superconductor-
insulator transition and behave in many ways as standard
dirty superconductors. Their magneto-transport proper-
ties upon varying disorder are presented in our previous
work9. Moreover, to demonstrate the universal role of
disorder in the low-T anomaly of Bc2(T ), we extended
our measurements to another thin film material, amor-
phous molybdenum-germanium1 (MoGe); the character-
izing parameters as well as the experimental data are
presented in the SI.
FIG. 1: Low-T anomaly of the upper critical field
Bc2(T ). a, R versus B measured at fixed temperatures
for sample J033. Open circles indicate the determination of
Bc2(T ) using three different criteria, namely 50, 10 and 1% of
the high field normal state resistance. b, Extracted Bc2(T )
values from the measurement shown in a, plotted versus T .
The solid line is a high temperature fit using the theory for
dirty superconductors2,12.
Figure 1a displays the magneto-resistance isotherms of
sample J033 measured down to 0.03 K. We define the
critical magnetic field Bc2 through the resistive transi-
tion, i.e., the onset of superconducting phase coherence.
This critical field does not coincide with the one associ-
ated with the pairing instability (see also the discussion
in Section IV). To determine Bc2 at each temperature we
used three different criteria, namely 1, 10 and 50% of the
normal state resistance at high field, indicated by open
dots on magneto-resistance isotherms. The resulting Bc2
versus T curves are shown in Fig. 1b together with a fit
(solid-line) of the high-temperature data with the theory
for dirty superconductors2,12. We see that Bc2(T ) devi-
ates below . 1K from the fit and increases linearly with
decreasing T down to our base temperature of 0.03 K
(see SI). This deviation, which is the focus of this work,
is independent of the criterion used to determine Bc2.
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FIG. 2: Critical current density jc near T = 0 and
Bc2(0). a, dV dI versus I of sample J033 measured at T =
0.03 K and at magnetic fields of 10.4, 10.8, 11.2, 11.6, 12, 12.5
and 13 T (green to red curves respectively). b, jc versus B
of both samples J033, ITb1 and J038. Each values of jc(B)
were extracted from dV dI versus I measurements as shown
in a at the resistance value of dV dI = 10Ω/.
An important aspect of the linear dependence of
Bc2(T ) is that it persists down to our lowest T approach-
ing the quantum phase transition QPT at Bc2(0). We
shall argue below that the linear dependence of Bc2(T )
can be understood by analyzing the critical behavior of
the superfluid density in the vicinity of this QPT.
Critical regime of the critical current density
We turn to the study of the B-evolution of the critical
current density jc at our lowest temperature and focus
on three samples J033, ITb1 and J038. We systemat-
ically measured the differential resistance dV/dI versus
current-bias I at fixed B’s. As shown in Fig. 2a, on in-
creasing I, a sudden, non-hysteretic jump occurs in the
dV/dI curve, indicating the critical current value. The
resulting critical current density jc for both samples is
plotted versus B in Fig. 2b. Interestingly, the continuous
suppression of jc with increasing B tails off prior to van-
ishing at a critical field Bjcc = 12.8 T, 12.1 T and 11.9 T
for samples J033, ITb1 and J038 respectively. Such a re-
silience of jc to the applied B when approaching Bc2(0)
is reminiscent of the anomalous upturn of the Bc2(T ) line
at low T . We also notice that the critical field values Bjcc
at which jc vanishes slightly differ from Bc2(0) obtained
in Fig 1 (Bc2(0) = 13.3 T, 12.4 T and 12.6 T determined
with the 50 % criterion for samples J033, ITb1 and J038
respectively). The reasons for this disparity stem from
the finite-resistance criterion used to determine Bc2(T ),
which does not coincide with the termination of super-
conducting current at Bjcc .
The key result of this work is shown in Fig. 3 where jc
is plotted in logarithmic scale as a function of |Bjcc −B|.
By adjusting the value of Bjcc in the x-axis to 12.8, 12.1
and 11.9 T for samples J033, ITb1 and J038 respectively,
one obtains clear straight lines that unveil a scaling rela-
3tion of the form:
jc(B) = jc(0)
∣∣∣∣1− BBjcc
∣∣∣∣υ , (1)
where the fitted values for the exponent υ are 1.62±0.02,
1.67 ± 0.02 and 1.65 ± 0.02 for samples J033, ITb1 and
J038 respectively. The prefactor jc(0) falls in the range
(2.5−4)·103A/cm2 for all three samples. The inset of Fig.
3 shows the sensitivity of the straight line to Bjcc , where
a small variation of 0.05T yields a significant deviation
from linearity. We furthermore present in the SI similar
results obtained on a MoGe sample, which demonstrate
the universality of this scaling relation. It is noteworthy
that the values of the exponent are within 10% of the
mean-field value 3/2 of the classical temperature-driven
superconducting transition in the absence of magnetic-
field. Ginzburg-Landau theory predicts that the critical
current would be jGLc ∝ ρs/ξGL ∝ (Tc − T )3/2, with
the Ginzburg-Landau superconducting coherence length
ξGL ∝ (Tc − T )−1/2 and ρs ∝ (Tc − T ). This striking
similarity suggests that also the scaling of Bc2(T ) and
jc(B) low temperature may be captured by mean-field
theory of the bulk material.
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FIG. 3: Scaling of the critical current density with
magnetic field. jc versus |Bjcc − B|. The Bjcc values are
adjusted to obtain straight lines that are emphasized by black
solid-lines. Inset: the dark grey and light grey curves are the
data of sample J033 plotted with Bjcc ± δ, where δ = 0.05 T.
Interpretation of experimental results within
mean-field theory
The mean-field critical exponent of jc(B) at T = 0
near Bc2(0) can be extracted from the Ginzburg-Landau
free energy which reads:
F = α|∆(r)|2 +β|∆(r)|4 + γ
∣∣∣ (−i∇− 2e~cA(r)
)
∆(r)
∣∣∣2.
(2)
Within mean-field theory, the coefficient α strongly de-
pends on temperature and magnetic field19:
α = ν
[
ln
T
Tc0
+ ψ
(
1
2
+
eDB
2picT
)
− ψ
(
1
2
)]
. (3)
Here, D and ν are the electron diffusion coefficient and
density-of-states respectively, and ψ(x) is the digamma
function. B in Eq. (3) is the magnetic field penetrating
the superconductor. While for type-II superconductors
such as our a:InO films this magnetic field can be non-
uniform at low B, close to Bc2 the spatial fluctuations of
B are negligible, and the average magnetic field is equal
to the externally applied one. The other two parame-
ters of the Ginzburg-Landau functional, β and γ ∝ νD
depend only weakly on temperature and magnetic field.
Consequently, Eq. (2) captures the two effects of mag-
netic field on superconductors: The suppression of the
transition point due to pair-breaking (through the pa-
rameter α), and the diamagnetic response captured by
the vector potential A. Note that the expression for α
in Eq. (3) is typical for superconductors in the presence
of a pair-breaking mechanism20. For example, the effect
of magnetic impurities can be captured by replacing the
magnetic field by a term proportional to the spin relax-
ation rate Γ12. Correspondingly, these systems have the
same T = 0 critical exponents (i.e. α ≈ |1 − B/Bc2|
or analogously α ≈ |1 − Γ/Γc|). The mean-field treat-
ment is performed under the assumption that vortices
are strongly pinned. As a result, the presence of magnetic
field induced vortices can be neglected, and jc is propor-
tional to the depairing current. A detailed explanation
of the origin and the consequences of strong pinning is
given in the next section.
The T = 0 limit of Eq. (2) yields the magnetic-
field dependence of the order parameter and the coher-
ence length near the quantum critical point, |∆(B)| ∼
|B − Bc2|1/2 and ξGL(B) ≈ ξ0|1 − B/Bc2|−1/2 (where
ξ0 ≈ 5 nm in our a:InO samples, see Ref. 9.) The
latter, together with the superfluid stiffness ρs, deter-
mines the mean-field value of the critical de-pairing cur-
rent: jGLc ∝ ρs/ξGL. To find the superfluid stiffness, we
match the superconducting current extracted from the
free energy, j = −c∂F/∂A, with the London equation,
j = −4ρse2A/~2c. We find that
ρs(B) =
12
pi
ρs0
(
1− B
Bc2(0)
)
, (4)
and the relation between the superfluid stiffness and the
critical current yields
jGLc (B) =
8e
3
√
3pihρs(B)ξGL(B)
= jGLc (0)
(
1− B
Bc2
)3/2
.
(5)
The corresponding critical exponent υ = 3/2 is in ex-
cellent agreement with our experimental findings. The
prefactor jGLc (0) can be estimated using the experimen-
tal data of Ref. 14, where the superfluid stiffness of 20 nm
4thick a:InO films was measured. From their experimental
results at low magnetic field, we estimate the critical cur-
rent to be jGLc (0) ∼ 104A/cm2—larger than our experi-
mentally observed value only by a factor of ∼ 4. This is
a non-trivial observation which is in contrast to a weakly
pinned vortex state where the critical current is set by
the de-pinning current jdepinc  jGLc . It also provides
an important hint to the origin of the anomalous critical
magnetic field and, as we show below, follows naturally
from our theory.
To complete the comparison between the experimen-
tal results and mean-field theory, we extract the low-
temperature critical field from the condition α(B, T ) = 0.
We note that within mean field theory the resistive crit-
ical magnetic field coincides with the onset of pairing,
Bc2. We find Bc2(0) − Bc2(T ) ∼ T 2, which is inconsis-
tent with the linear dependence Bc2(0) − Bc2(T ) ∼ T
that is observed experimentally (see Fig. 2). Power-laws
with exponent smaller than two are known to arise in
strongly correlated superconductors21–25. In the context
of high Tc cuprates, the deviation from mean-field result
has been attributed23 to an extended region of strong
fluctuations aroundBc2(T ). However, in conventional su-
perconductors, such as the a:InO films studied here, the
region of strong fluctuations is small and the Ginzburg-
Landau theory is expected to describe the onset of pairing
at all temperatures and magnetic fields23. Indeed, mean-
field theory captures the scaling of the critical tempera-
ture with magnetic field at low B. This indicates that to
understand the low temperature behavior of Bc(T ) other
beyond-mean-field effects should be considered. In par-
ticular, Ginzburg-Landau theory does not include ther-
mal fluctuations of the vortex-glass, which are essential
in the finite-temperature transition to the normal state.
As we will show below, these fluctuations are the key
ingredient to understanding the linear-T dependence of
Bc2; however, they do not change the scaling behavior of
jc(B, 0).
Vortex-glass fluctuations
In low-dimensional superconductors the pairing insta-
bility is known to differ from the onset of phase coher-
ence. A prominent example is the Berezinskii-Kosterlitz-
Thouless (BKT) transition in thin films26,27. Similar
decoupling is known to occur in moderately-disordered
type-II superconductors near Bc2, where the magnetic
field gives rise to the formation of a weakly pinned vor-
tex lattice28,29. Moreover, the superconducting state be-
comes resistive when the force applied on the vortex lat-
tice by the current exceeds the pinning forces. The cor-
responding de-pinning critical current jdepinc is then sig-
nificantly lower than the pair-breaking critical current
extracted from the Ginzburg-Landau theory, jGLc , and it
is not expected to obey simple scaling behavior29,30 close
to Bc2.
In contrast, in highly disordered superconductors such
as our a:InO films, we expect a strongly pinned vortex-
glass29,32 to form. This is caused by large spatial fluc-
tuations of the order parameter33, which are predicted
by the theory of ”fractal” superconductors15 to arise in
disordered systems such as the a:InO films in question.
According to this theory,15 in the absence of a magnetic
field, the superconducting condensation energy Eg fluc-
tuates strongly in space, δEg ∼ Eg, over distances com-
parable to the coherence length ξ. Correspondingly, core
energies of vortices, which are induced by an applied mag-
netic field, exhibit similar fluctuations, and hence become
strongly pinned. In fact, vortices pinning in such sys-
tems resembles the one found in models of columnar de-
fects31. Upon applying a current, vortices de-pin only
when the superconducting order parameter is sufficiently
reduced, i.e., within mean-field theory jdepinc scales like
the Ginzburg-Landau de-pairing current. Thus, in our
system jdepinc = Υj
GL
c where Υ < 1 (for example, in the
model of Ref.31, Υ ≈ 1/3), and the I-V curves are ex-
pected to follow those studied theoretically in Ref. 42.
Consequently, Eq. (5) still applies even in the presence of
vortices.
The above analysis implies that the main corrections
to the mean-field values of the critical field and current in
highly disordered superconductors are due to renormal-
ization of the superfluid stiffness caused by fluctuations of
the vortex glass32. To estimate the modified ρs, we focus
exclusively on phase-fluctuations of the order parameter,
i.e, ∆(r) = |∆0|eiΦ(r). Inserting this into the free en-
ergy, Eq. (2), yields F [Φ] = ρs
[∇Φ(r)− 2e~cA(r)]2 /2. It
is convenient to further separate Φ(r) into smooth phase
fluctuations (the superfluid mode) ϕ(r) with∇×∇ϕ = 0
and fluctuations of the vortex-glass ψ(r), with Φ(r) =
ϕ(r) + ψ(r). We determine the renormalized superfluid
stiffness via the static current-current correlation func-
tion 〈J isc(r, ωn = 0)〉 =
´
dr〈J isc(r, 0)Jjsc(0, 0)〉Aj(0, 0),
where as before J sc(r) = −c∂F/∂A(r). Since ρs is de-
termined by the long-wavelength properties, it is suffi-
cient to focus on length-scales larger than the (typical)
inter-vortex spacing a0. Moreover, within such a coarse-
grained description, the coupling between superfluid and
vortex fluctuations is local.
We note that a charge encircling a vortex acquires
phases from both the external and the vortex field,¸
[∇ψ(r) − 2e/~cA(r)] · d`. If the vortices were uni-
formly spaced (a vortex lattice), the two contributions
to the phase would cancel at a length scale a0. In the
coarse grained description and in the symmetric gauge
for the vector potential, this amounts to ∇ψ(r) = A(r).
In a vortex-glass this cancellation is not exact. Still, near
Bc2 and at the length scales of a0 =
√
Φ0/B ≈ ξ0
√
2pi,
the density of vortices is nearly uniform. We introduce
the field R(r) = (Rx(r), Ry(r)) that describes the devi-
ation of the vortex positions from uniformity. R thus en-
codes the particular realization of the vortex-glass, and,
in the absence of forces, its spatial average vanishes,
5V −1
´
drR(r) = 0. It is thus appropriate to expand
∇ψ (r −R(r))− 2e
~c
A(r) ≈ −2e
~c
(R(r) ·∇)A (6)
=
u(r)× zˆ
2a0
.
where u(r) = 2piR(r)/a0 is the dimensionless displace-
ment field. It follows that the leading coupling terms in
the free energy between ϕ and u are
δF = ρsa
−1
0 zˆ · [∇ϕ(r)× u(r)]− Cρs (∇ϕ(r))2 u2(r),
(7)
where C is a material specific coefficient of order unity.
Note that here we assume isotropy in the x− y plane.
The first term in Eq. (7) corresponds to the lowest or-
der expansion with respect to gradients in the Ginzburg-
Landau free energy (2). It gives rise to a temperature and
magnetic-field independent correction to the superfluid
stiffness that depends on the realization of the vortex-
glass. This reduction enters the measurable quantity ρs0
which we treat as a phenomenological parameter. As we
show below, higher-order gradients (like the second term
in Eq. (7)) become important at non-zero temperature.
The leading contribution of such terms to ρs is given by
δρx,ys = −
Cρs
a30
T
∑
n
ˆ
dr〈u(r, ωn) · u(0,−ωn)〉. (8)
It remains to evaluate the u−u correlation function. In
the strong pinning regime, a restoring force acts to keep
the vortex structure near its local energy minimum. Con-
sequently, it is sufficient to reduce the equation of motion
to its local form for u(r, t), which describes individual
vortices29, and in addition neglect spatial gradients of
the u(r) field
η∂tu(r, t) + κ(u(r, t)− u0(r)) = f(t) ≡ ha0
2e
j × zˆ, (9)
where u0(r) is the static displacement at zero current.
The r.h.s. of Eq.(9) is the Lorentz force acting on a seg-
ment of a vortex of length a0 in presence of a supercur-
rent j. We emphasize the absence of gradients of u in
the equation of motion—this manifests the locality of the
vortex dynamics. Effectively, the vortex fluctuations in
the glass state at low temperature resemble a (damped)
optical phonon mode. The parameter
η = (h/2e)2σn/2pi =
pi~2
2e2
σn
reflects the presence of normal electrons in the vortex
cores, whose resistance σ−1n gives friction to the vortex
motion (note that we defined friction coefficient η w.r.t.
dynamics of dimensionless coordinate u = 2piR/a0). For
strongly disordered materials σna0 ∼ e2/~ and thus
η ∼ ~/a0. This overdamped character of the vortex mo-
tion leads us to neglect the inertial term ∝ ∂2tu with
respect to friction. Likewise, we neglect the contribu-
tion to the Lorentz force due to vortex velocity since it
does not affect the relevant current-current correlation
function. The parameter κ can be determined similar
to the penetration length in pinned vortex systems, also
known as the Campbell length35–37 (for a recent review
see Ref.38). According to Eq.(9), the shift of u due to
current j is equal to u(r) − u0(r) = ha0(j × n)/2eκ.
The corresponding shift of the vortex magnetic flux can
be expressed through δA = −~Φ0j/4eκa0. Using the
London relation, we get κ = piρs. From Eq. (9) we ob-
tain the Matsubara Green’s function of u
G(r, ωn 6= 0) = a20δ(r)[η|ωn|+ κ]−1. (10)
We thus arrive at the reduction of the superfluid stiff-
ness due to thermal fluctuations of the vortex-glass.
Combining Eqs. (8) and (10) yields the following cor-
rection to the superfluid stiffness δρs(T,B) = ρs(T,B)−
ρs(0, B) :
δρs(T,B) = −
[
T
∑
n
[η|ωn|+ κ]−1 (11)
−
ˆ
dω
2pi
[η|ω|+ κ]−1
]
= −C ~σn
e2
T 2
3piρs(B)a0
.
The last equality holds in the low-temperature limit
T/~ κ/η; in the opposite limit one recovers the classi-
cal result 〈u2〉 = T/κ. The smallness of the low temper-
ature result δρs(T,B) ∝ T 2 is compensated by the small
ρs(B) ∝ 1 − B/Bc2(0) in the denominator, see Eq.(4).
This new result is unique for disordered superconductors,
in which the fluctuations at T > 0 are controlled by the
dissipation in the gapless vortex cores, and it provides
the key to understanding the low-T linear upturn of Bc2.
Thermal fluctuation corrections to the critical
current
To substantiate the correction to the superfluid stiff-
ness given in Eq. (11), we conducted additional measure-
ments of the temperature dependence of the critical cur-
rent in the vicinity of Bc2(0). The differential resistance
dV/dI as a function of current measured on sample ITb1
at various temperatures and fixed B = 11.25 T is shown
in Figure 4a. A clear jump in the resistance, similar
to that in Fig. 1a, develops at ultra-low temperatures
and indicates the position of jc. At higher temperatures,
the critical current decreases and a non-zero resistance is
found already before the jump. This resistance at sub-
critical current rises above the noise level for T > 0.05 K,
and exhibits a clear exponential increase with the cur-
rent, which is highlighted by the black dashed-line in
this semi-log plot. Such resistance curves are expected
to be observed when the vortex glass is strongly pinned:
The resistance at low current is a typical signature of vor-
tex creep, where the Lorentz force induced by the current
reduces the barrier. Above jc, the corresponding current-
voltage characteristics show an excess current6,9 (see SI),
6which is a signature that thermal creep persists there,
in agreement with recent strong pinning theory10,42. At
temperatures above 0.07 K strong thermal fluctuations
causes the sharp jump to be replaced by a smooth evo-
lution between the low and high resistive states9. More-
over, the resistance jump that is seen here only at very
low T points to a collective de-pinning of the vortex-glass.
Notice that Joule overheating is in play here but mainly
in the resistive state above the critical current (see de-
tailed analysis in SI).
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FIG. 4: Vortex de-pinning and thermal creep. The dif-
ferential resistance dV/dI versus I of sample IT1b measured
at B = 11.25 T at different temperatures is plotted in panel
a. The black dashed line indicates the exponential increase
of the differential resistance with the current, which is caused
by vortex creep. The critical current density jc as a func-
tion of T and B is shown in panel b. Each value of jc(B)
was extracted from the differential resistance curves, similar
to the one shown in (a), by finding the threshold to the high
resistance state. Dashed lines are fits using Eq. (12) with
Bc2(0) = 12 T and adjusting jc(T = 0, B) for each curve us-
ing a single prefactor for all B’s.
As we showed before, the (zero-temperature) B-
dependence of the critical current scales like jGLc near
Bc2(0), indicating that j
depin
c ∝ jGLc . Correspondingly,
we expect the T -dependence of the critical current to be
determined by the thermal corrections to the superfluid
stiffness
δjGLc (T,B) ∝
δρs(T,B)
ξGL
∝ T
2√
Bc2(0)−B
(12)
To test this predicted scaling of jc as a function of tem-
perature, we measured additional resistance curves, sim-
ilar to those shown in Fig. 4a, at different magnetic fields
(see SI). The critical current values near Bc2(0) extracted
from the jump in the resistance are plotted as a function
of temperature in Fig. 4b. The dashed lines are fits of
the jc(T,B) data to Eq. (12), which were performed by
setting Bc2(0) = 12.1 T (deduced from Fig. 3), by adjust-
ing the T = 0 value jc(0, B) for each B and finding one
global pre-factor. We note that the resulting jc(0, B) val-
ues scale as (Bc2−B)3/2. The fit reproduces remarkably
well the T -dependence of the data for the B = 10.5, 1.75
and 11 T, confirming the T 2 correction to the critical cur-
rent as well as its B-dependence. Deviations from the fit
occur for the highest T data points as well as in the im-
mediate vicinity of Bc2(0). This is not surprising since
our theoretical derivation of the correction to the super-
fluid stiffness given in Eq. (11) is valid so long as the
fluctuations are small δρs(B, T )  ρs(B). The thermal
fluctuations, however, become strong at lower T as the
magnetic field is increased.
The excellent agreement between the vortex-glass fluc-
tuation correction and the data has important implica-
tions: Together with the observation of the Ginzburg-
Landau scaling of the critical current shown in Fig. 3,
this analysis confirms that the collective vortex depin-
ning, which causes the jump in the resistance, is indeed
proportional to the de-pairing critical current jGLc . More-
over, this result validates our prediction for the renor-
malization of the superfluid stiffness by thermal fluctu-
ations of the vortex glass, and suggests that this should
affect other observables such as magnetotransport near
the quantum phase transition at Bc2. In the following
we show these fluctuations can account for the linear up-
turn of Bc2(T ) at low temperature.
Theory for the low-temperature anomaly
The superconducting transition in the bulk limit can
be estimated from the condition ρs(T,B) ≈ 0, or equiva-
lently when δρs(Tc, B) = ρs(0, B), with  being a num-
ber of the order unity (similar to the Lindemann cri-
terium for melting of solids). Under this condition and
using Eqs. (4) and (11) we find
1− Bc2(T )
Bc2(0)
= C1
piT
24ρs0a01/2
, (13)
where C21 = 4C~σna0/3pie2 is of order unity for our a:InO
films. In films, the transition temperature is set instead
by the BKT condition:
ρs(B, TBKT) =
χ
d
TBKT(B) (14)
where d is the film thickness and χ−1 was numerically
found43 to be between 1.5 to 2.2 (this holds for any value
of d43–46). Moreover, kinetic inductance measurements
of thin a:InO films have observed a universal jump in the
two-dimensional superfluid density per square even in the
presence of a magnetic field, indicating that the BKT
transition persists near the quantum critical point14. We
note that Eq. (14) in the limit d → ∞ reproduces the
condition for the bulk transition [ρs(T,B) ≈ 0], and thus
this equation describes the scaling of Bc(T ) for any d.
Thus, combining the BKT condition with the renormal-
ized ρs given by Eq. (11) yields the scaling of the tran-
sition temperature with magnetic field as a function of
thickness
1− Bc2(T )
Bc2(0)
=
[
1 +
√
1 + C21
d2
a20χ
2
]
piχT
24ρs0d
. (15)
7We thus obtain a linear temperature dependence of
Bc2(T ) at low T , which provides a theoretical description
of our experimental data shown in Fig. 1b. In addition,
this result is in agreement with numerous experiments in
films3–9,12 and bulk10,11 disordered superconductors.
We emphasize that the linear-T dependence of Bc2(T )
does not depend on the sample dimensionality and, in
particular, remains valid for bulk superconductors. For
films, |δρs(B, T )/ρs(B)| grows with the film thickness
d, however it remains much below unity so long as
d  a0 (As is the case for the experiments reported
in Ref.12). In this thin limit our theory predicts that
the slope −dBc2(T )/dT grows linearly with (ρs0d)−1.
For thicker films, however, |δρs(B, T )/ρs(B)| increases
and higher order corrections to ρs(B) can become im-
portant. Still, dBc2(T )/dT |T→0 maintains the structure
(ρs0a0)
−1(g0 + g1a0/d) with numerical coefficients g0,1
that (may) deviate from those given in Eq. (15). To con-
clude, while our analysis provides an exact expression for
the slope only in the thin-film limit, it predicts a distinct
d-dependence that holds for any thickness.
FIG. 5: Disorder dependence of the low-T anomaly.
b = Bc2(T )/(−Tc.dBc2/dT |T=Tc) versus reduced temperature
t = T/Tc for 8 samples of different thicknesses. The solid gray
line is a fit using the mean field theory for dirty superconduc-
tors emphasizing the deviations at low T . Inset: Slope −db/dt
at zero temperature versus R/RQ.
Finally, we provide a quantitative comparison between
the theoretical prediction and experimental data from
eight samples of various thicknesses and resistances. Ex-
perimentally, the physical parameters controlling the low-
temperature linear deviation are difficult to assess di-
rectly from the Bc2(T ) curves. The reduction of Tc and
increase of Bc2(0) upon increasing sheet resistance leads
to an apparent increase of the slope dBc2/dT |T→0 in the
B − T plane (see fig. 2b in ref. 9). This makes a direct
comparative analysis between different samples impossi-
ble. The non-universal dependence of Tc and Bc2(0) on
disorder can be eliminated by considering the quantity
b(t) = Bc2(T )/(−Tc dBc2/dT |T=Tc) versus the reduced
temperature t = T/Tc. Figure 5 displays b(t) for the eight
different samples together with the theoretical mean-field
curve, in solid line, found by setting α to zero2,12. We
see that, for t & 0.2 − 0.3, all high-temperature data
collapse on the theoretical curve. At smaller t, the low-
temperature anomaly of Bc2 develops as a linear devia-
tion from the mean-field curve. Our theory explains the
anomalous slope in this regime and, as we show below,
captures the dependence on the sample parameters.
To compare the plot in Fig. 5 with our theory, we ex-
tract b(t) from Eq. (15) and find:
−db
dt
=
{
KR/RQ d a0
g˜0
√
1
σnRQa0
+ K˜ RRQ d a0
, (16)
where RQ = h/4e
2 is the quantum of resistance for elec-
tron pairs (for details see the Supplementary Informa-
tion). Neglecting higher order corrections to ρs beyond
Eq. (15), and the suppression of ρs0/Tc0 in strongly dis-
ordered superconducting films yields K = 0.4pi ≈ 1,
K˜ ≈ 0.1, and g˜0 ≈ 0.05
√
C. The slopes db(t)/dt|t=0
of four samples: 30 nm, 50 nm, and two 60 nm thick
films (samples BS002, BS005, J033 and J038 respec-
tively) are shown in the inset of Figure 5. We clearly
see that the slope of the linear-T anomaly increases with
sheet resistance as predicted by Eq. (16), demonstrat-
ing the consistency of our theoretical description. Fur-
thermore, the linear dependence of db(t)/dt|t=0 on the
sheet resistance does not extrapolate to zero in the bulk
limit (d → ∞), confirming again our theoretical result
Eq. (16). However, fitting the data to Eq. (16) gives
−db/dt = 0.4R/RQ + 0.44, i.e., g˜0 ≈ 0.45 and K˜ ≈ 0.4.
These values exceed the ones found via our simplified
approximation by a factor of about 4-10. Partially, it
might be due to the overestimation of the ratio ρs0/Tc0,
see Supplementary Information. Obtaining the correct
numerical coefficients presumably requires including cor-
rections neglected above, which is beyond the scope of
this work.
In conclusion, we have conducted a systematic study of
the critical current near Bc2(T = 0) in disordered a:InO
films. These films are prototypical representatives of a
variety of superconducting film in which the critical field
shows an anomalous linear upturn as T → 0. We uncov-
ered a power-law dependence of jc on magnetic field and
extract the corresponding critical exponent. This previ-
ously unknown scaling property elucidates the origin of
the ’critical field anomaly’—the strong deviation of Bc2
from the mean-field result at the lowest temperatures.
We have showed theoretically that the behavior of both
Bc2(T ) and jc(B) can be attributed to the specific prop-
erties of the vortex-glass, which is characteristic state of
disordered films in the presence of magnetic field. In par-
ticular, the anomalous dependence of Bc2 on T is induced
8by a soft overdamped (bosonic) fluctuation mode of the
vortex-glass. Although this mechanism is quite generally
applicable for any disordered superconductor, both 2D
and 3D, the magnitude of the effect is appreciable for
superconductors with low superfluid density, ρsξ0 ≤ Tc0,
where phase fluctuations are strong48.
Our analysis provides sharp predictions for Bc2(T ) and
jc(B) which allows a clear distinction between the phys-
ical mechanisms in play. It would be very interesting
to look for similar scaling in other superconducting films
(in particular amorphous/non-amorphous) where a sim-
ilar Bc2 anomaly has been observed
3–8,10–12. A detailed
measurement of the thickness and field dependence of the
critical current could shed light on difference and similar-
ities of the vortex-glass phases in conventional and also
unconventional superconductors.
Methods
Sample fabrication and measurement setup.
Disordered a:InO films were prepared by e-gun evapo-
ration of 99.99 % In2O3 pellets on a Si/SiO2 substrate
in a high-vacuum chamber with a controlled O2 partial
pressure. Films were patterned into Hall bar geometry
(100µm wide for all samples except ITb1 which is 20µm
wide) by optical lithography, enabling four-terminal
transport measurements using standard low-frequency
lock-in amplifier and DC techniques. Measurements were
performed in dilution refrigerators equipped with super-
conducting solenoid. Multi-stage filters, including feed-
through pi-filters at room temperature, highly dissipative
shielded stainless-steal twisted pairs down to the mix-
ing chamber, copper-powder filters at the mixing cham-
ber stage, and 47 nF capacitors to ground on the sample
holder, were installed on each dc lines of the fridge. This
careful filtering of low and high frequency noises was cru-
cial to measure well defined critical currents as low as
∼ 50 nA (see Fig. 4), which would have been otherwise
disguised by spurious noise. Furthermore, a calibrated
RuO2 thermometer was installed directly on the sam-
ple holder to precisely monitor the sample temperature.
This accurate thermometry eliminates small temperature
gradients below 0.1 K.
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Supplementary Information of
Quantum meets classical phase transition: Low-temperature anomaly in disordered
superconductors near Bc2
I. SAMPLE PARAMETERS
Table S1 provides the thickness, sheet resistance before superconducting transition, and critical temperature de-
termined by a 50% drop in the normal state resistance for all the a:InO samples studied in this work. MoGe030
is an amorphous molybdenum-germanium (MoGe) thin film that has been deposited by magnetron sputtering from
Mo78Ge22 composite target fabricated KJ Lesker company. We used Si substrate covered with a 60-nm-thick layer of
SiN grown by chemical vapor deposition. Prior to the deposition of the MoGe film, a 3-nm-thick underlayer of amor-
phous Ge was deposited. This underlayer is critical for the growth of the homogeneous MoGe films1. For oxidation
protection the films were covered by a 10-nm-thick layer of Ge. All layers were deposited without breaking vacuum
(base value 5× 10−8 Torr) via the same shadow mask made in thin stainless steel plate.
Sample d (nm) Rmax (kΩ) Tc (K)
J012 60 0.5 3.5
J013 60 0.7 3.4
J019 60 1.3 3.1
J022 60 2.3 2.7
J033 60 1.3 3.2
J038 60 1.2 3.5
BS005 50 2.2 2.6
BS002 30 3.5 2.4
ITb1 30 2.5 3.0
MoGe030 3 0.7 4.0
TABLE S1: Sample parameters. Thickness, d, was measured by atomic force microscopy; Rmax is the maximum sheet
resistance reached before the superconducting transition. Tc is the superconducting critical temperature.
II. AMORPHOUS MOLYBDENUM-GERMANIUM THIN FILM
To test the universality of our results on the anomalous dependence of the critical magnetic field on temperature,
we repeated the measurements on another material, that is, amorphous molybdenum-germanium (MoGe), whose
parameters are given in Table S1. Figure S1a displays the magnetoresistance curves of this sample measured at
different temperatures. Similar to the case of the a:InO samples, the transition to the normal state becomes steeper
upon decreasing temperature, indicating strong vortex pinning. The temperature dependence of the critical field,
Bc2(T ), extracted from these magnetoresistance data at 50% of the normal state resistance is shown in Fig. S1b
together with a fit of the mean-field theory of dirty superconductors12,13. A clear low-T anomaly develops below
0.6 K with a nearly linear increase of Bc2(T ) on lowering further the temperature.
We then performed systematic measurements of the critical current in the MoGe sample near Bc2(0). The results
are shown in Fig. S1c which presents the critical current density jc as a function of B
jc
c −B. For Bjcc = 7 T, most of
the data collapse on a straight line which is denoted by the red line of slope 3/2. This collapse is in agreement with
our previous experimental findings, which are reported in the main text, i.e., the mean-field scaling jc ∝ (Bjcc −B)3/2.
The scattering of the data, in particular below the red line, is a consequence of sample heating by the large current
in the resistive state (see section IV). When the thermalization time in the superconducting state is not long enough
while sweeping the current, the critical current is reduced compared to it’s zero temperature limit.
To conclude, the study of a second material consistently confirms that, in disordered thin films, the de-pinning
critical current is proportional to the de-pairing current with a mean-field scaling jc ∝ (Bjcc − B)3/2. Moreover, the
data obtained for the MoGe film demonstrate the generality of our explanation for the origin of the low-T anomaly
of the critical field.
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FIG. S1: MoGe thin film. a, Magnetoresistance curves measured at different temperatures with an excitation current of
1 nA. b, Bc2 versus T extracted from a at 50% of normal state resistance. The red line is a fit with the theory of dirty
superconductors. c, Critical current density jc versus B
jc
c −B with Bjcc = 7 T. The red line is a guide for the eyes of slope 3/2.
III. DIFFERENTIAL RESISTANCE
In this section we present the full set of data used to extract the temperature dependence of the critical current
as shown in Fig. 4b of the main text. Figure S2 displays the differential resistance dV/dI curves versus current,
measured at different temperatures and magnetic fields. The applied dc current was swept from negative to positive
values while measuring the differential resistance with a lockin amplifier technique and an ac current modulation
of 1 nA. Temperature was carefully monitored with an on-chip thermometer (see Methods). For all set of curves, a
resistance jump develops at low temperature for a given current threshold. This current threshold is slightly hysteretic,
that is, depends on the direction of current sweep. In this work, the critical current is identified as the current threshold
on the switching to the resistive state at positive current values. Below the critical current, the differential resistance
exhibits an exponential increase with the applied current. This exponential increase persists even at high temperatures
when the jump is absent and replaced by a smeared crossover to the resistive state.
The exponential increase of the differential resistance in our films relates to vortex creep. Vortex motion is apparent
in the temperature dependence of the resistance at zero bias shown in Fig. S3, which exhibits an activated behavior
down to our lowest temperature. This activation at zero bias results from thermally assisted flux-flow with a barrier
U(B) that is a function of the magnetic field. At non-zero bias, the Lorentz force applied to the vortices by the driving
current reduces the activation barrier in the following way:2
U(B, j) = U(B)
(
1− j
j1
)
, (17)
where j1 = ς
U(B)
ξ2dBL is a current density related to the superconducting coherence length ξ, the thickness d and the
distance between two potential wells L (ς being a constant). As a result, the differential resistance grows exponentially
with both T and j,
R(T, j) = R0e
−U(B,j)/T . (18)
This vortex creep picture describes very well our data in which a systematic exponential increase of the differential
resistance on increasing current is invariably observed at low temperatures below the critical current.
To investigate the I-V characteristics above the critical current, we numerically integrated the differential resistance
curves shown in Fig. 4a of the main text. The resulting I-V ’s are shown in Fig. S4. At the lowest temperatures, a
non-zero voltage sets in above the critical current and then raises linearly on increasing further the bias current. This
linear I-V curves indicate an ohmic regime of flux-flow that is shifted by an excess current offset corresponding to the
critical current. Such peculiar behavior were observed earlier in various disordered superconductors6–9 and have been
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FIG. S2: dV/dI curves versus applied current I for various temperatures and magnetic fields on sample ITb1. Current is
systematically swept from negative to positive values.
recently interpreted as a signature of vortex creep persisting beyond the critical current when vortices are stronly
pinned10,11.
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FIG. S3: Thermally assisted flux creep. a, Arrhenius plot of the resistance at B = 11.25 T. The red dashed line is an
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that is used as the electron temperature thermometer.
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FIG. S4: Excess current. I-V characteristics obtained after numerical integration of the data of Fig. 4a of the main text.
The resistive state extrapolates linearly at V = 0 to the critical current.
IV. JOULE OVERHEATING SCENARIO
Joule heating is ubiquitous in non-equilibrium measurements. At low temperature, when the electron-phonon
coupling is weak, dissipation due to an applied bias can potentially induce electron-overheating and subsequently,
non-linear I-V characteristics3. This is particularly true with disordered conductors when the resistance is large and
exhibits a diverging temperature dependence due to transition into insulating or superconducting states. In disordered
insulators, such as the high field regime of the B-induced insulator in a:InO films, non-linearities in the I-V ’s mainly
stem from electron-overheating4,5. At very low T , when the bias voltage V reaches a voltage threshold Vth, these
non-linear I-V ’s exhibit an hysteretic current jump of several orders of magnitudes between a high resistive state at
V < Vth and a low resistive state at V > Vth. The hysteresis and current jump have been proven to be a direct
consequence of a thermal bistability of the electronic system driven by Joule overheating4,5.
In this section we address the possibility that the resistance jumps and the accompanying non-linearities we observe
near Bc2(0) in our moderately disordered superconducting a:InO films result from a similar electron overheating and
thermal bistability. For this purpose, we analyze the heat balance equation4,5:
P = R(Tel)× I2 = ΓΩ
(
Tαel − Tαph
)
, (19)
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where Γ is the electron-phonon coupling constant, Ω the sample volume, Tph is the phonon bath temperature as
measured by the on-chip thermometer, and α the exponent describing the electron-phonon heat transfer. The left-
hand-side of the equation describes the heat pumped into the electronic system by the applied current, while the
right-hand-side corresponds to the heat dissipated to the lattice due to electron-phonon interactions. Since R(Tel)
is a steep function of the temperature near Bc2(T ) (see Eq. (18)), a small change in Tel yields a large change in
the resistance and hence, a significant non-linearity in the I-V . Next, we follow the analysis of Ref. 4: Using the
experimental data for R(Tel) and the I-V curves, we find the electrons temperature as a function of the current. To
extract the temperature, we assume that R(Tel) is a smooth exponential function of the temperature, as measured
at low current. Finally, we check that the calculated Tel satisfies the heat balance equation (Eq. 19). If the later is
correct, the jump in the resistance can be attributed to heating effects, and the critical current is not a property of
the superconducting state.
A. Heating analysis of the data at B = 11.25 T
We demonstrate the analysis of the heat balance equation on the data presented in Fig. 4a, which was measured
at B = 11.25 T. We start by numerically integrating the dV/dI curves to extract the voltage drop across the sample.
Figure S5 displays the resulting I-V ’s in a semilog scale for different temperatures. Notice that although no voltage
jump is observed at at T = 0.06 K, we still find a resistance jump (see Fig. 4a). For the lowest T , the integrated
voltage below the current threshold is not shown since the differential resistance measurement remains below the noise
level of our apparatus. A polynomial fit of the zero-bias resistance curve, RI→0(Tel = Tph), shown in Fig. S3 is used
to extract the electronic temperature as a function of the current for each I-V curve. The resulting Tel versus current
curves are presented in Fig. S5b. The effective electronic temperature raises by a factor two once the film transfer
into the resistive state above the critical current.
-100 0 100
I (nA)
10
-10
10
-8
10
-6
10
-4
|V
| (
V
)
0.03
0.04
0.05
0.06
0.07
0.08
0.093
0.107
0.12
0.13
-100 0 100
I (nA)
0.08
0.1
0.12
0.14
0.16
0.18
0.2
0.22
0.24
T
el
(K
)
0.03
0.04
0.05
0.06
0.07
0.08
0.093
0.107
0.12
0.13
a b
FIG. S5: Effective electronic temperature. a, |V | versus I for different phonon temperatures. The voltage is obtained by
numerical integration of the dV/dI curves of Fig. 4a. b, Effective electronic temperature Tel versus I, extracted from a and
the measured R(T ) curves of Fig. S3.
We turn to computing the dissipated power P for each I-V , and we plot it as a function of Tel in Fig S6a. The
resulting curves collapse at high power and high Tel, i.e., in the resistive state above the critical current. Such a
collapse is typically an indication that some electron overheating takes place in this regime. Furthermore, it enables
us to assess the exponent α of the heat balance equation (19). We find α ' 5.5, which is slightly different from α = 6
found in the high field regime of the B-induced insulator of a:InO films near the superconductor-insulator transition4.
To self-consistency check the heat balance, we plot in Fig. S6b the power P as a function of T 5.5el − T 5.5ph . In case of a
purely heating-related non-linearities, we expect a collapse of all data on a straight line of slope 1 which confirms the
heat balance equation. The resulting plot displayed in Fig. S6b displays a collapse of the data at P > 10−13 W on a
straight line of slope 1 (the dashed line is a guide for the eyes with a slope 1) similar to that in Fig S6a. Inspecting
Fig. S5a, we obtain that this collapse occurs at voltage and current ranges (≥ 1µV and ≥ 100 nA) that are well
above the resistance jump (or the steep increase replacing the jump at high T ). For P < 10−13 W, however, the data
conspicuously does not collapse. This demonstrates the breakdown of the heating scenario and/or the assumption of
15
intrinsic linearity of the system in the low-P regime of the data. We note that small variation of α in this plot does
not enable to recover a collapse of the low-power data.
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FIG. S6: Heat balance self-consistency check. a, Dissipated power P versus Tel for different Tph’s. The high Tel and P
regime of these curves provides an estimate of the exponent α of the heat balance equation (19). b, P versus T 5.5el − T 5.5ph .
B. Vortex creep below the critical current versus heating scenario
The combination of an exponentially suppressed zero-bias resistance (Eq. (18)) and the heat balance equation (19)
can lead to a thermal bistability, and consequently a voltage jump as a function of the current. In this section, we
show that such bistability cannot describe the resistance jump observed in the vicinity of Bc2(0) in our samples, nor
the sub-critical current resistance that we attribute, instead, to vortex creep. We apply here a reverse analysis similar
to that performed in Ref.4 for the insulating state: We numerically calculate the I-V curves directly from the heat
balance equation (19) as well as the T -dependence of the zero-bias resistance. The latter is approximated by Eq. (18)
that describes very well the data in the low-T range (see Fig. S3a). From the high power data in Fig. S6, we obtain
Γ = 0.36nW/µm3/K5.5 for the approximate volume Ω = 24µm3. We then solve the heat balance equation for the
experimental phonon bath temperatures corresponding to the B = 11.25 T measurement and obtain Tel as a function
of I as shown in Fig. S7a. The order of magnitude of overheating agrees with the previous analysis in Fig. S5b for
the high Tph curves and at high current bias. The I-V curves can be straightforwardly computed from the relation
V = R(Tel)×I. The result shown in the semi-logarithmic plots of Fig. S7b and c leads to three important conclusions.
First, the calculated I-V ’s are hysteretic with a switching and retrapping currents whose order of magnitude agrees
with the data at Tph ≥ 0.06 K. Notice that switching (retrapping) current is defined at the transition from the low
(high) resistance state to the high (low) resistance state. Second, the retrapping current is constant, independent of
Tph, whereas it increases on decreasing Tph in the actual experimental data (see Fig. 4a of the main text and Fig. S2).
Third, the switching current increases with decreasing Tph much more rapidly than the data.
The agreement between data and simulations for Tph ≥ 0.06 K confirms the analysis of the previous section where
the heat balance equation was reproduced by the data at high power (Fig. S6). However, the voltage jumps seen
in these simulations, which result from thermal bistability similar to that found in the insulator4,5, clearly do not
match with the resistance jump observed experimentally. One key difference is the constant rettraping current in
the simulation (independent of Tph), which results from the fact that, when sweeping the current from the resistive
state to zero-bias, the electron bath is overheated to a temperature Tel > Tph that is independent of Tph. In the data
of Fig. 4a and Fig. S2, the retrapping current increases when Tph is lowered, indicating that another mechanism,
namely vortex depinning, is in play and drives the resistance jump. Still the small asymmetry between rettraping
and switching currents in the data is most likely a residual effect of overheating in the resistive state that decreases
the value of the critical current at the retrapping current. At last, the fact that the simulation fails to reproduce
the switching current for Tph < 0.06 K –the computed switching current diverges much faster that the data– further
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FIG. S7: Numerically computed I-V ’s.a, Tel versus I computed from the heat balance equation (19) and the thermally
assisted flux flow equation (18) that describe the low-T dependence of the zero-bias R(T ). The black arrow indicates the direction
of sweep that defines the polarities of retrapping and switching currents. b, resulting I-V ’s computed with V = R(Tel)× I. c,
same as in b but in a larger scale to emphasize the divergence of the switching current at low temperature.
demonstrates that the resistance jump does not result from a thermal bistability.
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FIG. S8: Numerically computed differential resistance.a, dV/dI versus I computed from the I-V data of Fig. S7.
We finish our discussion on a last but major difference between the simulated I-V ’s and the data. Below the critical
current, an exponential increase of the differential resistance with the applied current is systematically observed in
our data (see Fig. 4a and Fig. S2). We show in Fig. S8 the differential resistance dV/dI numerically computed from
the simulations shown in Fig. S7. We clearly see that, below the switching current, the dependence of the differential
resistance on applied current is not exponential at all, marking a stark difference with the data.
In conclusion, the non-linearities in the I-V ’s in the superconducting state near Bc2(0) are intrinsic and results from
the vortex glass state. The exponential increase of the resistance below jc is the signature of vortex creep and the
resistance jump signals depinning of the vortex glass. Overheating is still present in the resistive state at large current
but does not affect the vortex physics below the critical current. At high bias above the critical current, it is not clear
however how to disentangle heating effects with thermal creep interpretation that has been put forward recently10,11.
The role of dissipation in this high current regime deserves further theoretical and experimental attention that goes
beyond the scope of this work.
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C. Magnetic field dependence of the thermal bistability scenario
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FIG. S9: Switching and retrapping currents on approaching Bc2(0).. Switching and retrapping currents, Isw and Ir,
versus Bc2(0)−B computed from the I-V ’s and the R(T ) data at various magnetic field values and Tph = 0.05 K. Parameters
of the heat balance equation are the same as in the previous section.
We show in this section the evolution of the switching current with magnetic field B ≈ Bc2(0) within the heating
scenario. For this purpose, we repeat the previous analysis: We first fit the zero-bias R(T ) curves with Eq. (18) for
different values of B in the vicinity of Bc2(0). This enables us to compute the switching and retrapping currents at
a fixed Tph = 0.05 K as a function of B and check if the switching and retrapping currents induced by the thermal
bistability can mimic the mean-field scaling jc ∝ (Bc2(0)− B)3/2. The result is shown in Fig. S9 which displays the
switching and retrapping currents as a function of Bc2(0)−B. We see that the rettraping current scales as a power of
Bc2(0)−B with an exponent ' 2.2, but the switching current does not. This, again, demonstrates that the thermal
bistability interpretation cannot account for the resistance jump nor for the mean-field scaling of the critical current
that has been observed in this work.
V. DERIVATION OF THE NORMALIZED SLOPE db(t)/dt
∣∣
t→0.
Here we present the transformation between Eq.(15) and Eq.(16) of the main text. Inserting Eq.(15) into b(t) =
Bc2(T )/(−Tc dBc2/dT |T=Tc) yields
b(0)− b(t)
t
=
[
1 +
√
1 +
C21d
2
a20
]
piχ
24ρs0d
Bc2(0)
|dBc2/dT |T=Tc
. (20)
It remains only to determine Bc2 in two limits, T → 0 and T → Tc, starting with the latter. As discussed in the
main text, the transition in the films is of the BKT type with the condition ρs(T,Bc) = χT/d. Near Tc the superfluid
stiffness of a disordered superconductor is given by13
ρs(T,B) =
piσn~
8Te2
|∆(T,B)|2. (21)
The gap ∆(T,B) near Tc can be found by minimizing the free energy in Eq.(2) of the main text, without the
gradient term: |∆|2 = α/2β. Here α is given by Eq.(3) of the main text, which we expand to first order in B, and
β = νψ(2)(1/2)/32pi2T 2 [ψ(2)(x) = d2ψ(x)/dx2 is the second derivative of the digamma function]. Thus, in this limit
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the superfluid stiffness as a function of temperature and magnetic field is
ρs(T,B) =
2pi2Tσnh
e2ψ(2)(1/2)
[
ln
T
Tc0
+ ψ′
(
1
2
)
eBD
2picT
]
. (22)
Inserting this expression into the BKT condition and taking a derivative with respect to the temperature yields
∣∣∣dBc2(T )
dT
∣∣∣
T=Tc
=
2pi~c
eDψ′(1/2)
. (23)
The critical magnetic field at zero temperature, in contrast, is determined by the mean field condition α = 0
Bc2(T = 0) =
2pi~c
eD
Tc0e
ψ(1/2). (24)
Using the expressions in Eqs. (23) and (24), we can write Eq (20) as
b(0)− b(t)
t
=
[
1 +
√
1 +
C21d
2
a20
]
piχTc0
24ρs0d
ψ′
(
1
2
)
eψ(1/2). (25)
The final step in estimating b(t) is to find the ratio of ρs0 to the mean-field transition temperature Tc0. For moderately
disordered superconductors, in the absence of any pair-breaking mechanism, semiclassical theory yields12,13
ρs0 = pi∆~σn/4e2 = 1.76pi~σnTc0/4e2. (26)
We emphasize that the ratio ρs0/Tc0 is expected to be reduced for strongly disordered superconductors
14–16 with
respect to the semiclassical formula in Eq. 26.
For ultra-thin films with d a0 we find, using Eqs. (25) and (26),
b(0)− b(t)
t
= 0.8
e2
~σnd
= 0.4pi
R
RQ
≡ KR
RQ
. (27)
Here RQ = h/4e
2 is the quantum of resistance for electron pairs and we used χ = 2/pi, as appropriate for the two-
dimensional limit. Since this result relies on Eq. 26 that overestimates the ratio ρs0/Tc0, we expect to experimentally
observe larger values for K. For thick films with d  a0, Eqs. (25) and (26) imply that |db/dt| grows linearly with
R/RQ, i.e.,
b(0)− b(t)
t
= g˜0
√
e2
~σna0
+ K˜
R
RQ
, (28)
where g˜0 ≈ 0.05
√
C, and K˜ ≈ 0.1. Note that |db/dt| does not extrapolate to zero as R = 1/σnd→ 0. Similar to the
result in the thin-film limit, the true numerical values of both g˜0 and K˜ are expected to be larger due to the lower
value of ρs0/Tc0. Moreover, as explained in the main text, the coefficients g˜0 and K˜ can deviate from the values given
by straightforward expansion of Eq. (25) for large d/a0. Such a deviation would reflect higher-order corrections to
ρs(T,B), which may become important in thick films.
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